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We present results of fully non-linear calculations of the decay of a coherently
oscillating scalar eld , interacting with another scalar eld X in the regime
of wide parametric resonance. We numerically study the decay both in at
space-time and in expanding Universe for cosmologically interesting range of





. Combining our numerical results with an-
alytical estimates, we extrapolate them to larger values of q. We nd that
scattering of X uctuations o the Bose condensate is a very ecient mech-
anism limiting the resonant growth of X uctuations. The resulting variance
of X is typically several orders of magnitude smaller than that obtained in the
Hartree approximation. In expanding Universe, the dilution of the inaton
eld by the expansion makes the scattering less eective, and X uctuations
can grow to larger values than in at space-time.





In recent years, we have come to realize that the post-inationary Universe had probably
been a much livelier place than previously thought. The decay of the inaton eld could be
not a slow perturbative process but a rapid, explosive one. At the initial stage of this rapid
process, called preheating [1], uctuations of Bose elds coupled to the inaton grew expo-
nentially fast, due to the eect of parametric resonance [2], and achieved large occupation
numbers. At the second stage, called semiclassical thermalization [3], the resonance smeared
out, and the elds reached a slowly evolving state with developed Kolmogorov turbulence
[3,4].
The explosive growth of Bose elds could lead to very large variances of these elds close
to the end of the resonance stage. That could result in several important eects taking
place shortly after the end of ination. These include symmetry restoration, baryogenesis,
and SUSY breaking [5]. To nd out if these eects had indeed occurred, one needs a good
estimate of the maximal size of Bose uctuations. The semiclassical nature of processes
involving states with large occupation numbers allows us to treat decay of the inaton,
and any Bose condensate in general, as a classical non-linear problem with random initial
conditions [3]. This classical problem can be analyzed numerically.
In this Letter we report results of fully non-linear calculations for the most interesting
case when the coupling of a massive inaton  to some other scalar eld X is relatively
large. That means, more precisely, that the system is in the wide resonance regime [1],
characterized by a large value of the resonance parameter q, q  1. We have studied
both expanding and static universes, to cover both post-inationary dynamics and decays
of possible laboratory Bose condensates. Our objective was to obtain an estimate for the
maximal size of X uctuations, importance of which we emphasized above.
Our results are as follows. We have found that scattering of X uctuations o the Bose
condensate of , which knocks inaton quanta out of the condensate and into low-momentum




coupling, which are required in expanding Universe to produce particles much heavier than
the inaton [1,4], this scattering process limits the size of produced uctuations so severely
that it precludes a GUT generation of baryon asymmetry after ination, at least in simpler
models that we consider, and restricts the types of phase transitions that could take place
after preheating.
Fluctuations ofX can reach larger values for smaller values of q. It is interesting also that
in expanding Universe, the dilution of the inaton eld by the expansion makes interaction
of X uctuations with it less ecient. As a result, X uctuations can grow to larger values
than in at space-time.
The scattering process described above involves the condensate of zero-momentum ina-
2
tons and, for that reason, is especially enhanced. On the other hand, scattering of produced
X uctuations among themselves (discussed for example in Ref. [6]) is enhanced only by
their own occupation numbers, cf. Ref. [7]. It is useful to separate these two types of eects:
once models without self-interaction ofX are understood, one can make similar estimates for
models with it. For this reason, we did not include self-interaction of X in our calculations.
Our present results should be contrasted with those obtained in the Hartree approxima-




1, is grossly inadequate for q  1. A similar conclusion was made in Ref. [4]
for the case of massless inaton interacting with a massless eld X, based on our simulations
of the fully non-linear problem for that case.








For comparison, we will sometimes present results also for the model with massless inaton















. We will often use rescaled variables: for Model 1,  = ma(0), where 
is the conformal time;  = ma(0)x; ' = a()=(0)a(0);  = Xa()=(0)a(0). For Model
2, one should replace m with
p
(0) in these rescalings. Here a() is the scale factor of
the Universe, and (0) is the value of the homogeneous inaton eld at the end of ination.






for Model 1, and q  g
2
=4 for Model 2.
The eld X is assumed here to be massless. Indeed, the dependence of the minimal value
of q, q
min
, needed for resonance to hold it own against expansion of the Universe, on the
mass M
X
of X is now well understood [4]. Once that minimal value is exceeded, the mass












. So, to study
our model in expanding Universe we have to do computations with q at least of order 10
4
.
We have simulated this model for q up to q = 10
4
in at space-time and for q = 10
4
and
q = 3 10
4
in expanding Universe. We used analytical estimates to extrapolate our results
to larger q, needed to produce heavier particles.
The full non-linear equations of motion for  and , following from the action, are solved
with random initial conditions corresponding to conformal vacuum for all non-zero modes
at the end of ination. The initial conditions for  are given in Ref. [4]; those for ' are
obtained similarly, along the lines of Ref. [3]. During the resonance stage, the equation of






















is the zero-momentum mode of '. By virtue of our rescaling, '
0
(0) = 1.
Computations were done on a 128
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Let us rst consider the case without expansion of the Universe. In the formulas above,
one substitutes a() = a(0) = 1. The variances of the elds  (solid curve) and ' (dotted
curve) in Model 1 at q = 2000 as functions of time are shown in Fig. 1. The exponential
growth of the variance h
2
i (the angular brackets denote averaging over space) at early times
is a parametric resonance, which in the present case ends at   40. Notice a series of peaks
in h
2
i, near moments of time when '
0
passes through zero. They are due to modulation of
!
k
by the oscillating '
0
















is a loose analog of occupation number, the peaks are replaced by steps. This is because
X uctuations are really produced by resonance only during short intervals of time near
moments when '
0
passes through zero [1].
We can now estimate the ratio of h
2
i at a peak to h
2
i at a nearby \valley" between
























. (For some q, though, the strongest resonant momentum can be close to zero.)
An important eect seen in Fig. 1 is the rapid growth of uctuations of the eld '.
Indeed, at late times, they are much larger than uctuations of . Fluctuations of ' are
produced by the scattering process in which  uctuations knock ' out of the zero mode.
In this way, the inaton decays mostly into its own quanta, rather than those of . If we
neglected uctuations of ', i.e. the content of its non-zero modes, the Hartree approximation
in our present model would be exact. As we will see, at large q it is far from being so.
We have monitored the power spectra of  and  in all our integrations. Development of
resonance peaks for  is followed by appearance of peaks for ' due to rescattering, cf. Ref.
[3]. Later, rescattering leads to a turbulent state, characterized by smooth power spectra.
Resonant growth stops when the Hartree correction to the mass of ', due to h
2
i, moves





. This is an estimate for a peak of h
2
()i, not a \valley", because peaks
correspond to times when  uctuations are created.




at the end of the
resonance, as a function of q. At q

>







In the Hartree approximation, after the rst resonant growth stops, the resonance peak
in the power spectrum of  begins to scan the instability band. Resonant growth of h
2
i
will then need some time to resume, but eventually it will continue. Indeed, in simulations
using the Hartree approximation, we have observed that periods of exponential growth of
h
2




at the rst plateau is quite close to its
value at the end of resonance in the full non-linear problem, see Fig. 2.





50 in Fig. 1) is strongly
4
aected by rescattering. The value of h
2
i corresponding to established turbulence (  80
in Fig. 1) can be estimated by a simple kinetic theory argument.
The increase of the occupation number of a given mode due to resonance is balanced at
that time by its depletion by rescattering. The rate of the increase is of order one (in our











comes from the matrix element squared, and the factor of q
 1
from the energy




 1=q. At the kinetic
stage, equipartition of energy between ' and  should be good, except for times when '
0




q, and that of ' is 

p









, i.e. the \valleys" of h
2
i after rescattering are of the order of its
peaks at the end of resonance. This is indeed seen in Fig. 1, as well as in all our other
integrations in at space-time.
Let us now turn to Model 1 in expanding Universe, see Figs. 3{5. We used (0) =
0:28M
Pl
[4]. The evolution of the scale factor was determined self-consistently, including
the inuence of produced uctuations in the Einstein equations. There is no special Hartree
plateau now because due to the expansion the resonance peak is always scanning the insta-
bility band, see Fig. 4.
The peak value of hX
2
i corresponding to established turbulence is now its maximal value,
because subsequent slow evolution cannot compete with the expansion. For q  10
4
, it can
be estimated as in at space-time; one has only to take into account the redshift of the
amplitude





















is time when fast rescattering ends (
r
 13 in Fig. 3), it depends only weakly on
q. For q  10
4




) is determined mostly by the redshift of

 (unlike the
case of Fig. 3, where there is an additional drop in

 due to hX
2























(0) is the redshifted q. In comparison, in the












): in an expanding Universe, X uctu-
ations can reach larger values than in at space-time, even despite the redshift of the eld
X itself. The reason is that the inaton eld is diluted by the expansion, and interaction of
X uctuations with it becomes less eective. Still, at q = 10
8
, required to produce scalar
leptoquarks, Eq. (2) predicts the maximum (peak) hX
2






signicanly restricts the class of models where substantial baryon assymetry can arise.
Eq. (2) is universal in that it applies, for suciently large q, both to expanding Universe
5
and at space-time. One should keep in mind, though, that Eq. (2) describes a general
pattern of q dependence, which is superimposed with noticeable changes on scales of order
p
q, cf. Fig. 2 and Ref. [4].
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FIGURES
FIG. 1. Variances of the elds X (solid curve) and  (dotted curve) in Model 1 with q = 2000




FIG. 2. Variance hX
2
i as a function of q for two models. Filled squares and crosses are peak
values at the end of resonance obtained in fully non-linear simulations of Model 1 in at space-time
and Model 2; empty boxes are the Hartree approximation. Stars are the \valley" values after
rescattering in Model 1 in expanding Universe.
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FIG. 3. Variances of the eld X (solid curve) and  (dotted curve), together with the inaton
zero-momentum mode, in Model 1 with q = 10
4
in expanding Universe.
FIG. 4. Power spectrum of the eld X in Model 1 with q = 10
4
in expanding Universe, output




FIG. 5. Same as Fig. 4 but for the eld .
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